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1. Introduction. Let

<{) =    min    | £ - k |
l integer

be the positive distance between £ and the nearest integer to £. The first

theorem is concerned with

min   (¿|).
lgtSm

By the methods used for Theorem 1 we also solve some special cases of a

problem raised in [2] concerning the existence of an integer k for which

m^k^mc (c>l) and (k&^a/k (Theorem 2).

While studying minls¡;sn (<?£), one is naturally led to consider the number

of integers k for which l^k^m and (k£)^y. The third theorem deals with

this quantity in p dimensions i.e. it considers N(m, y, p), the number of

integers k, for which l^k^m and simultaneously

(1.1) («i>á7, iK*)úy,- ■ -,(kQúy.

Theorem 4 gives some easy generalizations of the third theorem.

Our approach is probabilistic in the sense that we do not take £, £i, • • • , £p

fixed, but choose them randomly, according to a uniform distribution on

[O, l]. This makes minisj;Sm {&£) and N(m, y, p) random variables. Accord-

ingly, Theorem 1 gives an asymptotic expression for the Lebesgue measure

of the set

\ £: 0 g £ ^ 1, m • min   (¿£> g ai .

Theorem 3, which states that N(m, y, p) has asymptotically

(£—»ce, m-(2y)"—*\) a Poisson distribution with mean X, can be paraphrased

similarly. It then gives asymptotic expressions for the p dimensional Lebesgue

measure of the sets

{&, ••',*,: 0 £ £/ Ú p, N(m, y,p) = k},      k = 0,l,---.
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190 H. RESTEN [May

We shall stick further to the probabilistic language. As far as used here it is of

such a simple kind that it should not cause any difficulties. All the required

definitions can be found in [9].

Theorems 1, 2 are immediate extensions of the results of Friedman and

Niven [3] and of Erdös, Szüsz, and Turan [2]. Theorem 3 is proved by the

method of moments. We are forced, however, to prove the convergence of

the moments in a rather roundabout way (cf. also the remarks after Lemma

1). One should compare Theorem 3 with the well-known result of Dirichlet,

which states that if y~l is an integer, then there exists for every (£i, • ■ • , £„)

at least one k ¿y~p satisfying (1.1). Our results show that the Lebesgue meas-

ure of the set of (£i, • • • , ¿P)'s, for which there exists such a k^X(2y)-p, is

approximately 1—e_x. Related results were also obtained by Erdös and

Rényi [l] who studied

max
lgtSm

\     glicikti

1=1

2. The minimum of (kx), k = l, ■ • • , m. Let x have a uniform distribu-

tion^) on [0, l] and put

(2.1) Z(m) =    min  (kx)

(2.2) N(m, y) = number of integers k for which 1 ^ k = m and (kx) z% y,

and

(2.3) t(%, y) = smallest integer k ^ 1 for which (k£) ^ 7.

Clearly

Z(m) g a/m

is equivalent to

(2.4) N(m,a/m) = 1

which in turn is equivalent to

(2.5) t(x, a/m) ^ m.

Hence, if the limits exist(3),

lim P{Z(m) = a/m} = lim P{N(m, a/m) è 1}
m—»» m—>«

(2.6) . .
= lim P\t(x, a/m) = m\.

(2) We shall always use x or Xi for random variables, whereas fixed numbers from [O, 1 ]

will be denoted by £ or £¡.

(3) P{A } = probability of the event A, P{A | B} = conditional probability of the event A,

given B, E(X) = expectation of the random variable X, E(X\ B) = conditional expectation of

the random variable X given B, var(X) == E(Xi) — (EX)2 = variance of the random variable X,

var(X\B) = E(X2\B) — (E(X\B))1 = conditiona\ variance of the random variable X given B.
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The last limit in (2.6) can be found by the methods of Friedman and Niven

[3] and of Erdös, Szüsz and Turan [2]. In [3] the first two moments of

t(x, a/m) were computed. Let Fk denote the Farey series of order k, that is

the series of rational numbers(4) a/b, 0=a=ft^fc, (a, b) = l,in ascending order

(cf. [5, Chapter III for more details]). It was proved in [3, p. 27] that for

every £

t(Ç, 1/n) Un- 1.

Writing further, for some fixed n,

(a\      r a       1      a       1"]

ft/ — L ft      nb '   ft      wftj

it was also shown in [3, p. 27] that

(2.7) l(f,l/»)S*

if and only if one has

for some — G F».(f)
Moreover, there are at most two fractions a/bEFk (& = w —1) for which

$EI(a/b) [2; 3]. Let

Sk = \k:0 á £ Ú 1 ; there exist—
\ fti

a2 ay      a2

TGFt'T9£T
02 0i 02

such that £ G 7 Í — J and £ G I (—) \

Thus Sk is the subset of [O, l] covered by two intervals 7 from F*. If u{ •}

denotes Lebesgue measure, then it follows from the above remarks that (cf.

[2, formula (12)])

pUx,-)^k\ = E 4/(4)} -"^ = £ -7-"^*}
I    \        «/ ! a/beF„       I     \6/; a/beF^nb

-if ^-.1*1
W   6=1       6

where <£(•) is Euler's function [5, p. 52].

It remains to find an expression for u{ S*}. Iff is contained in two inter-

vals I(ay/by), I(dt/bt) with ai/biEFk, k^n — 1, then [3, p. 27] O1/&1 and

a2/b2 must be consecutive elements of Fk. It is known [5, Theorem 28, p. 23]

that in this case

(4) [a] = largest integer which does not exceed a. Although we also use square brackets with

other meaning, confusion seems unlikely, (a, 6)=greatest common divisor of a and b.
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(2.10)

and hence

ai a-i

Ti

"">   '{Oit)}-

aj>2 — a2bi I

bib2

(bi+ b2 — n

1

bib2

One has therefore

(2.12) u{Sk} = JZ'

nbib2

0

bi + b2 — n

nbib2

if 61+62^ n,

if bi + b2 < ».

where E* ranges over all pairs ai/£>i, 02/62 which are consecutive elements of

Fk and satisfy bi<b2 and bi+b2¡ín. (bi = b2 is impossible for successive frac-

tions by Theorem 28, p. 23 in [5] and since we want to take every pair into

account only once we may take bi<b2.) It was proved in Lemma 1 of [3] that

for fixed bi<b2^k, (bi, b2) = l, bi+b^n there are exactly two choices for

Oi, a2 such that Oi/&i, 02/62 belong to JZ¿ while for (bi, b2) > 1 there are no

choices possible for oi, 02 (again by Theorem 28, p. 23 of [5]). Consequently

bi + b2 — n

bib2

.,       ^ bi + b2- n      2* *
(2.13)   m{ä}=E'—r1— = -JZ       E

i WO1O2 n   fcj_i   ij=.max(n-6i,ii+l)

(*l>*l)-l

With these preliminaries it is easy to prove

Theorem 1.

lim P\m • min (kx) ^ a\ = lim p\N[m, — ) è l\
in-» <a        l       létám ) m—»        (      \ m! )

=  lim P\t(x, — ) úm\ = F (a)
m-»»      \  \      m) )

where

(2.14)    F (a) =

0

12«

-s

if a < 0,

if0<a^ 1/2,

12«      12 r / 1       1 - y y   \
T-3 (2--log-^~)dy if 1/2 <a^l,
te ir£Ji/2\ y y 1 — y/

l   1 if 1 < a.

Proof. Firstly,
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(2.15) lim-E—= - [3, p. 29].
*-»»   k   6=.i      6 7T

Moreover, from (2.11) or (2.13) ¡x{(Sk)} =0 for k^n/2 because bi<bt^k

implies fti+ft2<«. For k>n/2 we have, following [3](4),

2_ A ^ by + bt-n

n   6!-l    62-max(n-6i,6l+l) bybt

(2.16)
2/[(n-l)/2] * * *       \  J.   _L ¡j „

= -(   E    E +    E      E ) * v;      E *w>
M  \    ¡,i=n-t     ¡>2-n-6i f>i-[(n+l)/2]   6j-»i+l/ ftlt>2 d| (61,62)

= Pi + Tt, say,

where ju.(-) is the Mobius function [5, p. 234].

As an example we shall compute the asymptotic behaviour of Pi, the

computation for P2 being very similar. Changing the order of summation

and putting ft2 = sd and

{a} = smallest integer greater or equal to a(b)

one has

2  K«-L>/21  1  _ t*Mi     h + sd - n
Ti = -   E   -12ßid)    E-

n       b=n-k       0    d\b «-((n-6)/<i) Sd

However,

'*£*'      b + sd-n     ft - n k k- n+b
E-— = ——log—- +—-+ 0(1).

,=l(n-ô)/d) sa a n — o a

Since [5, p. 235 and p. 260]

E^_î«     Sl.0(dm)_
d\b     a b d\b

,<«-!>/*]   9fb) I hK / ft\ 2*«"Z|)/«*(ft)
p1 = 2   E  -Hi--)iogii--) + -   £   —

&=„_*      ft2\        »/        \        n/       n    b=n-k      ft

/ k\    y     [(n-U/2]   <£(£) / ¿X    [(n-l)/2]   $(¿)

+ 2(l + log-)-     E     —-2il + log —)      E     —

Using the fact that [5, p. 268]

(6) This meaning of {a} is used only in the next two formulae.
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JZ *(i) = -4" + 0(n log w)
6=1 T2

one obtains by partial summation as w—»°°, &—><», k/n^ra, 1/2 ^«<1,

12 r /• l'J 1 - y
lim  Ti = — -log (1 - y)dy - a log 2(1 - a)

i/n—a «T2 L «7 l-a J

+ (1 + log a)(a - 1/2 + log 2(1 - «))].

In an entirely similar manner one obtains

12 r                                          ra y - 1
lim  T2 = — \a log 2a - (a - 1/2) -   I       -log ydy

*/n-»a IT2 L J 1/2 V

(2.18)
/•«   y-l       H

+ log a I      - dy   .
J 1/2     y        J

(2.17) and (2.18) imply

12 /'a /        1       1 - y y   \
(2.19) lim  (Ti+T2)=-\     (2-— log--)dy

vn-<* ir2»/i/2\       y y 1 — y/

as one easily checks by comparing the derivatives of the right-hand sides of

(2.17)-(2.19) as well as the values at «=1/2.

From (2.9), (2.13), (2.15), (2.16), (2.19) one has

(2.20) lim  p\t(x,— J g ¿I = F(a),
i/n-.«»     ( \    nj       )

where F(a) is defined in (2.14). To prove the general relation

(2.21) lim P \t(x,—\ ^ m\ = F (a)
m->«      I   \     ml )

we notice, that if

1 a        1
(2.22) -Ú — Ú —

n + 1      m       n

then for every £

'K)s,H)s'(f'^TT)'
Consequently also
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flfT)s"h'{'(''^"h4('¿)s,l
which, together with (2.20), (2.22) completes the proof of (2.21).

Till now we considered integers k^m for which (k^)^a/m. In [2] one

considered integers k for which

a

(H) â - ■
R

In particular, putting (a>0, c>l)

S(m, a, c)={£:0^£^l, there exist integers a, b for which

m ^ b ^ mc, (a, b) = 1, | ¿£ — a |   ^ a/b}.

Erdös, Szüsz and Turan [2] raised the question of finding

lim n{S(m, a, c)}
m—>qo

if it exists at all. They found this limit for a^c/(l+c2) and gave bounds for

u{S(m, a, c)} in several other cases. One has of course

|{:0|{|l,«aMi,-)_ mc\ Ç S(m, a, c)

because

(2.23)
\    mc f

a
< -<

mc       /(£, a/mc)

if i(£, a/mc) ^mc, and at the same time (2.23) implies (/(£, a/mc), r) = l (cf.

[3, p. 27]).
Consequently one has

(2.24) liminf n{S(m, a, c)} à F(a) - F[—\.
m-»w \ C /

Entirely obvious is the inclusion

S(m, a, c) Ç J£: 0 ^ £ á 1, t(^, ^ g mc\ ,

and therefore

(2.25) lim supß{Sim, a, c)} á F(ac).

(2.24) and (2.25) are improvements on the results of [2] for certain combina-

tions of a and c. (2.25) however is only useful if ac<l (compare (2.14)).



196 H. KESTEN [May

In this case, however, we can compute the limit of p. {S(m, a, c)} exactly. The

result is given by the next theorem.

Theorem 2. 7/a^c/(l+c2), then

i                  -,       12a r ,
(2.26) lim p{S(m, a, c)} = -loge [2].

m-* to IT

7/c/(l+c2)=<* = min(l/2, 1/c), then

.                  .       12a               12/           a                  a
lim p\S(m, a,c)\ = -log c-1 ac H-aß-

m-»» X2 T2\ C ß

(2.27)

+ ö(i_,)logi._i(logAy)(

where

1 + (1 - 4a2)1'2
ß =-ü-

If 1/2èaèl/c, then
12a 12/ al \

lim p\S(m, a,c)\  = —-loge--lac - 2a-\- (log c)2).
m-*~ 7T¿ 7T \ C L /

(2.28)

Added in proof. Since this paper was written the following two references

containing results related to this theorem have come to the author's attention :

P. Erdös, Some results on diophantine approximation, Acta Arithmetica 5

(1959), 359-369 and Richard P. Gosselin, On diophantine approximation and

trigonometric polynomials, Pacific J. Math. 9 (1959), 1071-1081.

Proof. (2.26) is Theorem III of [2]. Instead of I(a/b) we now define

(a\      F"       a      a       a~\ a
— )=->— + — \       for — G Flmch
ft /     L ft       ft2     ft       62J ft

Then

(2.29) S(m,a,c) = U J[ —Y
a/beFímc];bim       \b/

^ (   /a\) I™1 2a4>(ft)       12a

(2.30) E     *v(t)\ - £^^-* — l°zc      (»->*)■

In addition, if ai/fti and a2/b2 are two consecutive elements of F[mC] with

fti, bt^m, then
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a2      ai

b2       ii

1
- ¿jjï max
bib2 \b\ '   b\)

by [5, Theorem 28, p. 23] and the fact that bi/b2^c, b2/bi^c, ac^l. Conse-

quently ai/biEJia>i/b2), a2/b2EJiai/bi) and therefore no £ can be in more than

two intervals J(a/b), bgtm, a/bEF[mc]. If £ is in J(ai/b^)C\J(a2/b2) then Oi/6i

and 02/62 must be consecutive elements of F[„], In this case

Notice that for «^ 1/2, always

where as for a^l/2, b2>bi

aal

h       b2      bib2

aal
—+ —-^ 0
61       62       6162

only if

1 + (1 - 4a2)1'2
è/3 =

61 2a

Thus, by (2.29) and (2.30)

12a _" / a        a 1 \
u{S(m, a, c)}=—log c-JZ   {^+^-rT) + oii)

IT2 \b{ ¿j 6162/

where E" ranges over all pairs O1/61, 02/62 of consecutive elements of F[me]

with

(2.31) mèh<b2^mc       if a ^ 1/2

and with

(2.32) m g 61,       «36i ̂  62 g mc       if a ^ 1/2.

It follows again from Lemma 1 in [3], that for given 61, 62 satisfying (2.31)

if «èl/2 or (2.32) if a ^1/2, there are exactly two pairs (ai, a2) such that

O1/61, 02/62 belong to JZ" if (61, 62) = 1 and no such pairs if (61, 62) > 1. JZ" can

now be computed exactly as in Theorem 1.

3. The distribution of N(m, y) in more dimensions. As we have seen in

the last section, the study of the distribution of minis*sm (kx) was equivalent

to finding P {N(m, 7) = 0} for appropriate 7. This raises the question of find-

ing the complete distribution of N(m, y). Even though the methods of §2

probably allow us to find the asymptotic distribution of N(m, a/m), it seems
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very hard to find the asymptotic distribution of N(m, y) —EN(m, y) = N(m, y)

— 2my after proper normalization, for fixed 7. The difficulty seems to be the

"strong" dependence between the random variables (kx), ^=1, 2, • • • . This

shows a.o. in the fact that the distribution of m~ll2(N(m, y) —2my) does not

approach a normal distribution, as it would if the random variables (kx)

were strictly independent. In fact m~112 is not at all the correct normaliza-

tion factor [7]. It was suggested by M. Kac in a discussion with the author

that independence would approximately hold again for analogous random

variables in high dimensions. This will be shown to be correct in a certain

sense in the next theorem. The limiting distribution obtained in Theorem 3

is precisely the limiting distribution which would pertain if the F's were

strictly independent.

Let xy, xt, • • •   be independent random variables, each with a uniform

distribution on [O, l]. Define

(1    if (kxy) g 7, (kx2) g 7, • • • , (kx,) g 7,

lo   otherwise,

and

YÍÍ7)

N(m,y,j) = J2 YÍ(y).
*=i

N(m, y,j) is the number of indices k^m for which simultaneously kx\, - ■ • ,

kxj are closer than 7 to an integer.

Theorem 3. 7/ 0 <"> < 1/2 ¿5 fixed and p—* <x>, m—> » such that

(3.1) w(27)"^X>0,

then

lim P{ N(m, 7, p) = k} = e~x —, k = 0, 1, • • •,

that is, N(m, 7, p) has asymptotically a Poisson distribution with mean X.

Proof. Put for ki, • • • , kT pairwise different

(3.2) Ay(ki, ■ - ■ , kr) = P{ Yly(y) = • • • = Ylr(y) = l}.

7 will be fixed throughout (0 <y < 1/2) and the index or subscript 7 will only

be written explicitly when necessary to avoid confusion. Since the Xi, x2, • ■ •

are independent one has clearly

(3 3)    P{ ¿i-YÎ, = 1] = CP{ Ylt-Y\r = 1})'

=   A'(ki,  •   •   • , kr).
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Moreover,

E(N(m, y,j)(N(m, y,j) - l)(N(m, y,j) - 2) • • • (N(m, y,j) - r + 1))

(     } =EjZYikl...YikT=JZAi(k(r)).
*<r) t(r)

We adopted here the convention to write k(r) for a generic r-tuple

(¿feii • * * i ¿fer) of different integers ki, lûki^m, and to include in E*M all

such f-tuples in the r! orders in which they can appear. This convention will

be used through the remainder of this section.

One easily checks that if N has a Poisson distribution with mean X, then

its rth factorial moment,

E(N(N - 1)(A - 1) • • • (N - r + 1)) = Xr, r = 1, 2, • • • .

Conversely, if {N(p)} is a sequence of random variables for which

lim E(N(p)(N(p) - l)(N(p) - 2) • • • (N(p) - r + 1)) = X',   r = 1, 2, • • •

then the limiting distribution (p—» «> ) of N(p) is a Poisson distribution with

mean X (by [9, p. 185 C; 6, p. 115 4.30, p. 109 4.21]).
Theorem 3 will therefore be proved, if we can show

lim E A'(k(r)) = K r = 1, 2, • • • ,
*(r)

or equivalently, by (3.1)

'Ay(k(r))Y/Ay(k(r))\»

£5 V (27)' /
(3.5) lim- =1, r = 1, 2,

m(m — 1) • • ■ (m — r + 1)

We shall prove (3.5) by induction on r.

Let us put

'Ay(k(r))

(3.6) ¿y)(7) =

/Ay(k(r))y

¿V   (27)'   /

m(m — 1) ■ • • (m — r + 1)

Then

since

JZAPy(k)       JZiP{Yliy) = l}f
(p) *-i *-i

Vi   (y) = -=- = 1
»»(27)" m-(2y)r

P{Y\(y) = 1} =P{(kxi)èy} =27.
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Thus (3.5) holds for r= 1. The remaining details will be split up in a number

of lemmas. C<, i=l, 2, ■ • ■ , will always stand for some finite, positive con-

stant which depends on y, r, X only.

Lemma 1. There exists a G such that for any sequence of s positive integers

ki<kt<. • • • <k,

p[Í2 F¿to - 2*7)   = -j (Ci + (log s)2).

Ci does not depend on s.

Proof (3).

p(ÉFl,-257))2 = var(ÍX.)

(3'?) = 527(1 - 27) + 2    E    iAiK k¡) - Ay2).

is«<>'si

It was proved in [8, p. 217 line 4] that

(3.8) Ay(ki, k,) - 472    Ú —L-^- =-
b-h- h' -h'-

where (ki, kf) = greatest common divisor of kt and k3- and

ki k¡

\ft\, Kj) \ki, kj)

Notice that for any pair of integers a<b there are at most s possible pairs

ki<kj such that kí =a, k¡ =b and hence, for any positive integer c there are

at most sd(c)/2 pairs ki<k¡ with kí -kj =c (d(c)= number of divisors of c).

Therefore,

„ s Ä  d(c)
(3.9) E    \Aj(ki,k¡)-Ay2\   £-£ —

lSi<iS« ¿    c=l        C

where Co is the smallest integer for which

s 1% s(s — 1)

In fact there are s(s —1)/2 pairs ki<k¡ and we have replaced each í/kíkj by

some 1/c with l/kíkj ^1/c. Since

n

E ¿(c) = « log » + o(«)
e-l

[5, Theorem. 320, p. 264],
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s J\  d(c)        s 2,4!2? * d(c)        s
TJZ—Í-   E   — =1¡-(logs)2
2    <:_!        C 2        c_l c 4

for sufficiently large s. This together with (3.7) and (3.8) implies the lemma.

The estimate of [8] for |-4(&,-, kf)— 472| would suffice to prove directly

v2p)(l)~*li and one might want to follow LeVeque's method [8] of estimating

Ay(ki, kj) also for Ay(ki, • • • , kr) in order to prove (3.5) directly for all r.

This would require an estimate of

/'1      '   /           2    *   sin 27TW.7 cos 27r»(£i£\
dt IL 27 +-E-—).

o       <-i \            v „t=i                 nt /

We have been unable to follow this direct procedure and are forced to prove

(3.5) by a detour.

Lemma 2. If X is any random variable satisfying

(3.10) £(X-a)2 = c2

owd

(3.11) 0 ^ X :g 6       with probability one,

then, there exists constants C2, independent of the distribution of X such that

(3.12) | EX - a\   úc,

/I oo

y'dP{X = y}  = Gto&^V, r = 3, 4, • • • ,
2a

awd

(3.14) | EX* - (EX)r\   = C2(r)b*~V, r = 2, 3, 4, •••.

Proof. PutEA = M. Then

c2 = £(A - o)2 = £(X - u + m - a)2 = E(A - ju)2 + (m - a)2

= (EX - a)2.

This proves (3.12). As for (3.13) and (3.14) we use the one sided analogue of

Tchebyshev's inequality. For X = 0,

P{X - a ^ X} = —i— f "(X(y - •) + ^^{A = ?}
(X2 + c2)2J0

(3.16) = —--— f M(X2(y - a)2 + c*)dP{ X g y}
(X2 + C2)2./«,

2 2c2
(X2c2 + c4) =

(X2 + c2)2 X2 + à
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G(X) = 1 -
2c2

if X á c,

if c ^ X < 6 — a,
\2 + c2

1 if ft - a g X,

one has by (3.11) and (3.16)

1 - P{X = a+X} =1- G(X).

Consequently, for r^3

/» oo /» 6+
y'dP{X £y} =   I      y'dPjX = y}

ta "ta

= -(l-P{X^y})y + r f y-\l - P{X = y})dy
i J ta

= (1 - P{X = 2a})(2a)' + r f   y*"1^ - P{X z% y})dy
J ta

/» 6—o

= (2a)'(l - G(a)) + r\       (z + a)-»(l - G(z))dz

2c2
= (2a)r-Y2*-Xr

a2 f.
6-0 2c2

z2 + c2
dz.

This implies (3.13) when 2o^ft. When 2a>ft (3.13) becomes trivial by (3.11).

(3.14) is proved similar to (3.13).  By  (3.11), 0^M = & and by (3.15)
E(X—p.)2z%c2. Thus, with a replaced by p. one has from (3.16)

(3.17) 1 - P{X ^p + X} = 1 - G(X)

and similarly with a replaced by ft— p.

(3.18) P{X án-X} á 1 -G(X).

Now, since E(X—p) equals zero,

(3.19)

px' = e(p + x - p.y = Mr + ( 2 ) M^2F(X - P)2

+ Í2(r.)^iE(x-py.

By (3.17), for j^3

(3.20) f    (y - n)'dP{X = y} =  f    "z'aG(0) = C b>j-2,.2
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and by (3.18)

(3.21) f    | y - a \'dP{ X = y} = C3(j)6'-2C2.
" l/SP

(3.14) follows from (3.19)-(3.21).
An important consequence of Lemma 1 and Lemma 2 is the following:

Lemma 3. If p—*<x>, m—*<x> such that m(2y)p—>X, then for some d, depend-

ing on y, r, X only, and j^p

(3.22) exp(-C4(27ry(l + (p - j)*) Ú v?(y) = exp(Ci(2y)P~\l + (p - f)\

Proof. As we remarked already, Lemma 3 is obvious for r= 1, and we may

assume r = 2.

y, E(N(m, y,j) ■ ■ ■ (N(m, y,f) - r + 1))
vr (y) = —-

m(m — 1) • • • (m — r + l)(27)r'

EN*(m,y,j)

m(m - 1) ■ ■ ■ (m - r + l)(27)r'

Denote by F(ki, ■ ■ • , kt; u) the event

U u u u

Ykl = Yki = ■ ■ ■ = Ykl = 1    whereas    Yk = 0    if k ^ kit    i = 1,2, ■ ■ ■ , s.

Then, dropping the indices m and y for this proof,

EN'(f) = E P{PiK • • •, k.;j - D}E(N'(j) | F(kh • • •, k,;j- 1)).

However,

(3.23) E(N'(j) | F(*i, • • • , k.;j - 1)) = E
(**)'

because if Fi,-1=l, then F^=l if and only if (£iXy)^7 and, if Y{\ ' = 0 then

Fij always equals zero. Hence,

E(N(j) | F(ki, • • • , k,;j - 1)) ¿ 27j,

(3.24) 5
var(A(i) | ffo, • • • , k.;j - 1)) = - (d + (log i)2)      (Lemma 1)

and since 0 = A(j) =s if i"(fei, • • • , k.\j — 1) occurs,

£(A'(j) | F(kh •••,*.) ;j - 1)) á i2y)'s' + C2(r) ~ (Ci + (log j)2) (by (3.14)).

If we take into account that
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£#'(/)£ E P{F(ku---,k,;j-l}
lS*lO • •<k,sm

(3.25)

■[(2y)rN - j X-Kj - D(Ci + (log N(j - l))2)

C2Ci
= (2y)rENr(j - 1) +-EN<~l(j - 1)

+ ~ EN^(j - l)(\og N(j - 1))\
2.

Applying Jensen's inequality [9, p. 156, c,] twice gives

ENr(j - 1)     ENr(j - 1)
(3.26)   ENr-l(j- 1) = (ENr(j- 1))(^«/' =

EN(j- 1)        m-(2y)'-1

The last term of (3.25) is estimated first by using Holder's inequality [9,

p. 156]

EN-l(j- l)(log N(j- l))2

y*-l(logy)2dP{N(j - 1) = y}
exp(2r-l)

a> » \  (r-l)lr
ydP{N(j- l)^,}

exp(2r-l) /

•( f (logy)í'dP{tf(¿-l)gy}Y".

Since <f-(log y)2r/dy2  g Ofor y ^ exp(2r — 1), Jensen's inequality [4, Theorem

95, p. 77; 9, p. 159, e] implies

/» oo
(logy)2'áP{iV(/-l) fgy}

exp(2r-l)

(3.27)      = P{N(j - 1) = exp(2r - 1)}

= 0(log EN(j - l))2r

= 0(Iog m(2yyy*.

log
/» 00

ydP{N(j-l) Sy}
exp(2r-l)

f dP{N(j- 1) úy}
exp(2r-l)
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Applying again (3.26) to EAr-1(j'-l) and combining (3.25)-(3.27) one ob-

tains for some C6(y, r)

/ 1+ (logm(27)02\
EN'(f) = (2yYEN'(j - 1) ( 1 + C6-    *    \    " )

\ m-(2y)>        /

(      1 + (log w(27)02\
= (2yYEN'(j - 1) exp(c8 -    «   \,        )>

\ m(2yy        /

This also holds for j — 1 if we put N(0) = m with probability one. Thus by

induction on j

(      i    l + (logw(27)")2\
EN'U) = (27)'%'exp   C6£ - ),

\     n-l w(27)B /

which immediately gives the right-hand inequality of (3.22) if we take into

account m(2y)p—>X.

In the same way one shows(6)

/          >    1+ (logm(27)")2\
EN'Ü) > (2T)'%'exp( -C, E -    70 )

\ n-l W(27)n /

which implies the left-hand inequality of (3.22) because

EN(N - 1) ■ • ■ (N - r + 1) = ENr + 0[EJZ Nk\

Lemma 4. TTtere exists a constant Ct(r, y) < °o smca //toi

(3.28) ¿» (*(')) ^ C(r, 7).

Proof.

2   ~   sin 2vny cos 2ttw£      J1        if (£) < y,

y        V „_! w lO if (£) > 7

(cf. [8]). Hence

/'x      '   /          2    "   sin 27TM.7 cos 2imtk¿\
dtn(27 + -E-!)-

0           i=l \                 7T   „,_1                            Wf /

Since

(') We shall use the left-hand inequality of (3.22) only for j^{2p+t)/i. For this range

the argument in the next few lines suffices but not for all j -¿p. However, the left-hand inequality

of (3.22) is true for a\\j^p. The same remark applies to the left-hand inequality of (3.45).
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sin 27T«7 cos 2wnk£
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is bounded uniformly in M, k, £ (being the tail of the Fourier series of a func-

tion of bounded variation [10, p. 408]) and since

/,  1  I 000    I n-itf+l

sin 2xw7 cos 2trnk%
di

/•  1 I »0   I n=Af+l

sin 27TM7 cos 27tm£
¿Î

tends to zero as M—>oo (uniformly in k), it is possible to choose M=M(y, t)

such that

A(kh • ■ ■ , kr)

(3.29)

= f *n(
J 0 (-1 \

27.      -E
TC   n,= l

2    *[, sin 2tM(7 cos 2irntkt

nt

l\       (27)r

(27) r r / 2\> C X '

- + E(27)r-'(-) E  hin
y-1 \ir/   isiisr J o        i-i

1      >   sin 2irntiy cos 27r«<i£ij£

2 y=i \7T/    lstj£r ^ o i-1 nti

The last integrals can only be different from zero if some relation

T

E «<«<£( = o,     €t = o, +i, -i

holds, with at least two e's different from zero. We can now prove the lemma

by induction on r. Ay(ky)=2y i.e. C«(l, 7) = (27)_1 satisfies (3.28) for r=l.

Let (3.28) be proved already for r — 1 and assume there exists a sequence

(k<yn\ ■ ■ ■ , k'rn)) n= 1, 2, ■ ■ •  of r-tuples kM(r) such that

(3.30) lim A(k^(r)) = 0.

By virtue of (3.29) and (3.30) we may assume, if necessary by selecting a

subsequence and rearranging the indices, that for some fixed ci, • • • , er

and »i,---, nTúM(y, r) and all n

, M
E Wikt    = 0,        er_i€r 5¿ 0.

In this case, however, one has for any £ satisfying

rM

also

(nrktk) g - g 7,
r

j= 1,

y-i, ,r-l
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and

iW \       (r-l)M     _
(nrkrn £) = / E ttntk," t) ^

rM

Consequently,

A    I      J.M LM J.("\   -»     A CU(n) LM\
Ay{nrki   , nrk2   , • • • , nrkr  ) ¿ Ay/rM{Ri  , • • • , kr-i)

(3.31) W'-'-Är
But ¿(¿fef0, • • • , krn))=A(nrk{r\ • • • , «,¿feín)) because w^ has a uniform dis-

tribution modulo one if x has. (3.31) contradicts (3.30) which proves the

lemma.

Lemma 5. There exists a positive constant Ct(r, y) for every r^2, such that

for every k(r) = (ki, • • • , kr)

Ay(k(r))
gl-C7(r,7)<l

Ay(ki,  •      • , Kj—1, Kj+1,  •      • , kr)

for some 1 ̂ j ^ r.

Proof. For shortness put k(r, j) = (ki, • • • , ifey-i, kj+i, ■ • ■ , kr). By the

definition of A

A(k(r)) ,1,1 ,
(3.32)       ;; ,    = P{ Ykj -lF„-l,ljJif,»^

A(k(r,j))

= 1 - A~\k(r,j))P{ F¿ = 0, Yl( = l,l^iikr,i*j}.

It therefore suffices to prove

3 B(*(r, j)) = P{ Yli - 0, F*1, = 1, 1 á * û r, i * j}

è Ci(r, j) > 0 for some 1 g j g r

where Cs(r,j) does not depend on ¿(r).

Assume (3.33) does not hold and that k(n)(r), w = 1, 2, • • • , is a sequence

of r-tuples for which

(3.34) HmB(kM(r,j)) = 0, j - 1, • » » , r.
n—»so

Without loss of generality we may rearrange the indices and select a sub-

sequence such that

(3.35) ¿fein) < k™ < < ¿r00 for all w

and



208 H. RESTEN [May

kl"'
(3.36) lim ~—■ = 1 exists for i = 1, ■ • • , r

n-><o R\

(infinity is allowed as a limit in (3.36)). Let

kln)
(3.37) lim 4r = ! fori = j+ 1, • • • , r

while

lim-> 1 for i = 1, • ■ • , s.

By deleting some rís we can assume

(3.38) rrrèi+i,

i = 1, • • •, s,       j = s + 1, • • •, r for all« and some 0 < 5 i% 1.

Let g(£) be the fractional part of £ minus the integer closest to £. More

precisely

Í    £ if 0á fa 1/2,

ê     "   U- 1       if 1/2 < i á 1,

«(S+1) = «(Ö.

One has

P{ | *(*.*) - «(M) I   ¿V}  ^P{\ g((ki - k,)x) |   g ,}   = 2,

so that for

(3.39) , = ^[(4(;)c.(,,4-^))-\ 1- 2,(TL_],

P{'g(M' -4(T+íj' 's(M) ~s(^}' =r,'í = i'J = r>Í9áA

= ^^(^«-»(äW) - E ^{ I «(*<*) - gikjx) I g,}
(.3.40) lsKj'sr

»«•tóá-a*
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There exists therefore a £, depending on w and satisfying

(3.41) | gik?!) |   á -£- ,   | gikln)£) - ¡Q¡»Q I   ^ ft
4(1 + o)

l'èi, júr, Í9*j. Let ji be determined by

g(/fey"£) =     max     g(k/0 (thusji^s+l)
t+lÉiér

and put

„   ... , _ 7(1 + v/2) - g(k™S)      7(1 + v/2 + 5/4(1 + 5))
(3.42) £ — /,(n) ¿(n)

Then

(3.43) g(k™£) +*Í)| = t(i + {)s|-

On the other hand, by (3.38), (3.41) and (3.42), for any i^s

yô 7(1 + v/2 + 5/4(1 + 5))

4(1 + 5) 1 + 5

,,<.n> «   -

«(**   Ö + ki  £ g -('"})•

and for any î'^s + 1, îVj'i

(3.44)
g(kf\) + *r^ á «(CD - n + tf'l + (*«W - »J*)«

«^-•♦^'K^
Since, for i, ji^s + l

¿(n)

->1
¿feln)

the last member of (3.44) will eventually also be less than 7(1—17/2). Thus

for sufficiently large w

fCCO + Ci-l^tt + B^^l + y)

and by (3.41)-(3.44)

4(1+5)

If now

ágí>r(í + S))á7(l-y)       if i * ii.
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then

(k?t)<y±, i=l,

(Cft + I + <)> á 7 (l - y + y) - 7, » * ii,

whereas for /i

(Ctt +1 + 0) 55 | «(Ctt + D) I - <C<> > t.
Thus, for sufficiently large w,

P(*(n> (r,/0) fc *{?:? - È + I + I, 0 $ « £ 1, <*.ín><) < 7 -j' * - l> ' ' ' > r\

= P^x) <T{,i=l,..V} = A^ti^ir)) = Cr^r, 2).

This contradicts (3.34) and therefore proves the lemma.

Lemma 6. Ifp—*<*>, m—><x> such that m(2y)p—>\ then for some C9, depending

on 7, r, X only, and j^p

exp(-Co(2yyr-»l2(l + p - j))

(3.45) g——        E       f^'   ^*>Y
m-r+1 kr4tw-J>r-i \ ^r(*i» * * * i *r-i)27/

lS*Sm

^exp(C9(27)<^)/2(l + />-/)).

Proof. Put

(3.46) F<')(7,Ä(r-l))=-—        E        (—77-r-TTJ-
m-r+1 IM*,,-..,*,_, \ ¿T(*i, • • • , *r-i)27/

l£lsm

In this proof we assume k(r — 1) and 7 fixed and shall abbreviate v(i) (7, Jfe(r — 1))

by vU). For the same fixed k(r — 1) and 7 we put

tf'OO =    E    FÍ(7).

Then (cf. (3.32)),

lstsm

(w-r+ l)-(27)''

The proof will very much resemble the proof of Lemma 3.
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E(N'(j) | FÍX-Ft., = 1)

(3.47)=        E        P{F(*i, •••,Är_i,ii, •••,<.;i-l)| YÍT-
lS'l<- • •<(,£»•

-f£   -    1}

•£(A'(i) | FÍ.-Fi,., = 1, F(kh • • •, *_,, /!,..., /.;i - 1)).

However,

E(N'(j) | F(ku ■■-, ¿r_,, h,---,t.;j- 1)) = 2Ti

and thus by Lemma 1 (compare (3.23), (3.24)),

E((N'(j) - 2T5)21 F(ku • • • , kr-i, lh...,t.;j-l))£j (Ci + (log *)2).

Hence, by Lemma 4

E((N'(j) - 2ysy\ F?--F^1=l,

(3.48)

F(*lt • • »,*_i, tu ■ ■ -t.;j - 1))

s(Ci + (log 5)2)

2P{ Yif- F*»  - 11 F(¿i, • • • , *_i, /i, • • • , i.;; - 1)

j(Ci + (log j)2) í
Ú Co(r - 1, 7) - iCi + (log j)2).

2A(kh • • • , ¿r_i) 2

By (3.12) and (3.48) one has

E(N'(j)\ Y*kl-= FÍ^-1,

(3.49) F(ki, • • • , kT-i, tu-", t,;j - 1))- 27j)

g Cio(r, 7)i1/2(l + log s)

for appropriate Go.

Since, under the condition F(ki, • • • , kr-i, h, ■ ■ • , t,\j— 1)

A'(j - 1) = 5,

(3.47) and (3.49) give immediately

\E(N'(j)\Yiki= •••

= FÍr_, = 1) - 277i(A'(i - 1) | FÍ71 = • • • = Ft!, = 1) |

(3.50) g CioE(N'W(j -!)(! + log A'(; - 1)) | rf1 = • • • = f£.\ = 1)

g 5CioE(N'*i*(j - 1) IFÍ"1-PU = 1)-

Thus
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SCioO'*'-1')3/4
(3.51) ?«> < vU-» +-, y«» = 1.

(m-r+ 1)1'4(27)''4+1

First we get from (3.51) by induction,

i-i
Ai) g exp(5C10 E (« - r + 1)-i/4(2t)-«m-i)

which is bounded for j^p. Then we complete the proof from (3.50) as in

Lemma 3 by applying Holder's and Jensen's inequalities and induction on /(•).

An immediate corollary of (3.45) is

¿r_i, ¿)yiW3]+31 y, / Ay(ky,  •  •  •  , kr-i, k)\

— r+1    kfiky.-.-.kr-y   \Ay(kh   •   •   ",   ¿r-l) 27/m
(3.52) lsfcsm

= (27)-3 exp Co = C„, say.

We are now in the position to prove (3.5). Put

U'm) = xÜtFJ      •
If we consider Ur as a random variable taking each of the values Ur(k(r))

with probability l/m(m — 1) • • ■ (m — r+1) then (3.6) and Lemma 3 state

va, -_!_e ÄY*'''+*
m(m- 1) ■ ■ ■ (m-r+1) *„ V  (27)r /

=■ exp(-C4(27) uv-vitp2)    for sufficiently large />.

Similarly

PPr zi exp C4(2t) p

and consequently

var(Pr) = EUI - (EUr)* Û Clt(y, r, X)p2(2yf3

for appropriate Ci2. In other words

Ur —> 1    in probability    (p —> x)

and

_1 y / A(k(r))\r =        P/(tp/3]+i)

m(m - 1) • • • (m - r + 1) ¿fe \  (27)'  /

will indeed tend to one if we can show

(3.53) lim-       E       Ul(k(r)) = 0
m(m — 1) ■ ■ ■ (m — r + 1) ktri-.v'nf
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[9, p. 184 B].
Unfortunately, Lemma 3 alone does not seem to be strong enough to prove

(3.53), and we have to proceed by induction. (3.53) certainly holds for r=l

and let us assume it has already been proved with r replaced by r — 1. We

shall then prove that it also holds for r. For this purpose, we define

(3.54) Vr(k(r)) =

\(        Ay(kl,---,    kr)        \ W»W Ay(kl,    '",K)
I-I it-|Cii(T,r),
\Ay(kh ■ • ■ , kr-i)2y/ Ay(ku • • •, kr-i)

1 £       ¡Ay(ku ■ ■ - , kr-u k)Y'»+l

m — r + 1 kftk!,...,*,_,. \ Ay(kh • • • , kT-i)2y)        otherwise

where

(3.55) Cu(y,r) = max(l - C7(y,r),(2y)) <1 (cf. Lemma 5).

Any set of r different integers ki, ■ ■ • , kr^m will appear in r! orders as a k(r).

For some j

Ay(k(r))
————— á Ci3(7, r) by Lemma 5.
Ay(k(r,j))

Thisi will appear in (r—1)! permutations of 1, • • • , rat the end. Thus taking

into account

/A(k(r))yi''3l+3      /A(k(r-l))\3lpl3]+3(      A(k(r))      \»W»W

(3 56) ^  {2yy  ' = {    (27)r_1    ' \A(k(r-l))2y)

JZ   Ul(k(r)) g r   JZ   Uli(k(r - 1)) JZ        vl(k(r)).
k(r) Ä(r—1) kr^ki, • •-,kr-i

UrZF u'r-ivlzi'

Since Z73F3^3r implies Z73^3r-1 or F^3 one obtains from (3.56)

-——(-—7   E   Ul(k(r))
m(m — 1) • • • (m — r + 1) k(r)

Uri3r

= ~f-iV^T-T^    ^    uli(k(r-i))-1—-
m(m - 1) • • • (m - r + 2)     i(r) w - r + 1

(3.57) t/f-üs--1

E tf(*(*0)
*r''*li' ■ ■.*!•-1

+ -:-r,——.-t^t  E   £/Li(¿fe(r - i))
wî(wî — 1) • • • (m — r + 2) ¡Kr-i) m — r -\- 1

JZ        V\(k(r)).

Vrï3
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By the induction hypothesis and (3.52) the first sum in the right-hand side

of (3.57) tends to zero. As for the second term, we have

1 v-       2 !
E    Vr-i(k(r - 1))

m(m — 1) • • • (m — r + 2) k(r-i) m — r + 1

(3.58)
^        (A(ki, • • • , kr-i, /e)\2(*/3]+2

*        £       (     A(h(      \J     ) =-exp(C4(27)<»->/V>
M*i.•••.*,-! V    A(k(r - 1))27    /

by (3.6) and Lemma 3. On the other hand by (3.6), Lemma 3 and Lemma 6

-——-—-   E    Uli(k(r-1))
. m(m - 1) ■ ■ ■ (m - r + 2) klr-»

\m - r + 1 M*,ÍV, V    A(k(r - 1))27    / /

^ exp(-C4(27)^-6)/3/>2) exp(-2C9(27)^3)/3/»).

Putting

1 / A(k,   ■ • •    k   ,   ¿~)\[j>/3]+i
D(k(r-1))=-        E        ( —-LL^^zJi)

« - r + 1 <m*i.-.*,-i V     ¿(*(' - 1))27     /

and subtracting (3.59) from (3.58) one sees

-——.-—   E    Uly(k(r-1))
m(m — 1) ■ • ■ (m — r + 2) k(r-i)

i ^     i(A(ki, ■ ■ ■ ,/Vi, k)\t»w+i y
(3.60)-—        E        ((      . ' ' ) - D(k(r - 1)))

«-f+lwi,-4ri"     A(k(r - l))2y    / /

^Cyi(y,r,X)(2yyiip2

for appropriate Ci4. Thus

r + 1 wti.^Vi \\    il(*(»■- 1))2y    / /
(3.61)

except for a set S of (r — l)-tuples k(r — 1) for which

á Ci4(27)    p Cu

(3-62)-—-     E     Uly(k(r - 1)) z% Cïi\
m(m — 1) ■ ■ ■ (m - r + 2) k(r-i)€S

However, by (3.52)
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E    Uli(k(r-1))-i—~       E       Vl(k(r))
m(m - 1) • • • (m - r + 2) t(r-i)ss m-r+1 k^kl,...,!,,_,

2C
= ~t-ñ-1-Z^    £    Uli(k(r-1))

m(m — 1) • • • (m — r + 2) *(r_i)GS

è--^-     E     Uli(k(r-1))
m(m — 1) • • • (m — r + 2)   t(r_D

2C11-3--1 -^        t

+ mTm~T)-(m-r+2^   Z   i7'-1^-1))-wî(wi — lj • • • [m — r -f- ¿; t(r-i)es

Both these terms tend to zero, the first by the induction hypothesis and the

second by (3.62) and (3.55). In view of (3.57) it remains to prove

-——-—     E     Uly(k(r-1))
/,   t-,\   mim -  1)   ■••(»»- f + 2) t(r-l)€S
(3.63)

-—:    E    vim) -» 0.
m ~ r + 1 *,j<*i, • • • ,¡fcr-1

VriZ

Let &(r — 1) GS be fixed and look at Fr as a random variable which takes each

of the values Vr(k(r)) with probability l/(m — r + 1). Then

P(Fr - Dr(k(r - l)))2

1 -^        l(A(ky, ■ ■ ■ ,kT-i, /e)\!p/']+i \2

w-r + 1 JM»!....,*,.., \\    ^(^(r - 1))27    / /

= Ci4(27)WVcr3,,/e        by (3.61).

On the other hand

0 = Fr = rnaxH—J , P(¿(r - 1))J

while D(k(r— 1)) ^3/2 for sufficiently large £ by Lemma 6. Thus, by Lemma

2, (3.13)

E      tf(*to)
W» — r +   1 k*ky,- ■ -,kr

Vri3

(3.64)

^C2(3)(|+(^)tW5,+1).C14(27)-Vcr^0       (,-*«).
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Since, by Lemma 3

1
E    Uli(k(r-1))

(X(X) -X       ) 1       r    ,
lim TV-< a} = -       e-i '2dt.
x^«     I    X1'2      ~   J       (2tt)1/2J_m

m(m — 1) • • • (m — r + 2) t(r_u

is uniformly bounded, (3.63) follows from (3.64) and this implies (3.53). By

induction (3.53) and (3.5) follow now for all r and this proves the theorem.

Corollary. 7/£—►», m—><» such that

m(2y)p —* oo sufficiently slow,

then

JN(m,y,p)-m(2y)p       )       J__ f^
I        (w(27)p)1/2 /      (2Ty'2J-x

Proof. This follows from Theorem 3, since for random variables A(X),

having a Poisson distribution with mean X, one has [6, p. 116, Ex. 4.9]

ÍA(X)
X^» (        X1'2 J (27T)1

Our estimates are not sharp enough, however, to tell how fast m(2y)p may

tend to infinity.

One might want to prove Theorem 3 for any interval of length 27. More

precisely, put
1    if there exist integers »1, • • • , n¡ such that

YÍ(S, 2T + 5) = • 6 + m ^ kXi á 8 + 27 + »fa * - 1, • • • J,

0    otherwise.

As long as

1 1
(3.65)                                 -<5<0<5+27< —

2 2

one can still follow the proof of Theorem 3. In fact, the only places in the

above proof where a difference between F(7) and Y(d, 27 + Ô) might come in

are the Lemmas 1, 4 and 5. However, the estimate (3.8) remains valid (cf.

[8]) so that the proof of Lemma 1 needs no change and one easily sees also

that Lemmas 4 and 5 remain valid. This is not so when (3.65) is violated.

The analogue of Lemma 4 is then false for certain choices of 7 and 5. We for-

mulate this with another generalization in

Theorem 4. If y, 5 satisfy (3.65) owd if p—* 00, m—> » such that m(2y)p-^\

and if for every m, ki(m), • • • , km(m) are m different positive integers, then

lim pi JZ Ffj(„o(5, 27 + 5) = ¿j
X*

e-x — , k = 0, 1, 2,
k\
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The transition to arbitrary sequences {ki(m), *'—1, • • • , m} of integers

requires no change of proof since our estimates are uniform in {ki(m)}.

Finally we mention the possibility of taking intervals of length 27 at a ran-

dom location. I.e. let 81, S2, ■ • • also be random variables, independent of each

other and of Xi, x2, ■ ■ ■ , and each with a uniform distribution on [O, 1 ]. Put

1    if there exist integers Wi, • • • , w,- such that

5,- + w,- g kxi ^ 5,- + 27 + m, i = 1, • • • , j,

0    otherwise.

Then Theorem 4 holds with F(ô, 27+S) replaced by Y(y). Again the proof

is almost identical with that of Theorem 3.
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