SOME PROBABILISTIC THEOREMS ON DIOPHANTINE
APPROXIMATIONS(Y)

BY
HARRY KESTEN

1. Introduction. Let
(¢) = min |£— k|
k integer

be the positive distance between £ and the nearest integer to £ The first
theorem is concerned with

min (k£).

1Sk=m

By the methods used for Theorem 1 we also solve some special cases of a
problem raised in [2] concerning the existence of an integer k for which
m=k=<mc (c>1) and (kf) Sa/k (Theorem 2).

While studying minigi<a (kE), one is naturally led to consider the number
of integers k for which 1 £k<m and (k£)=<+. The third theorem deals with
this quantity in » dimensions i.e. it considers N(m, v, p), the number of
integers k, for which 1<k <m and simultaneously

(1.1) (kEl> =, (kEZ> S, <k£P> = 7.

Theorem 4 gives some easy generalizations of the third theorem.

Our approach is probabilistic in the sense that we do not take £, &, - - -, &,
fixed, but choose them randomly, according to a uniform distribution on
[0, 1]. This makes minigism (k€) and N(m, v, p) random variables. Accord-
ingly, Theorem 1 gives an asymptotic expression for the Lebesgue measure
of the set

{£:0§£§ 1, m - min (k£)§a}.

15k=m
Theorem 3, which states that N(m, v, p) has asymptotically
(p— o, m-(27)?—N\) a Poisson distribution with mean \, can be paraphrased
similarly. It then gives asymptotic expressions for the p dimensional Lebesgue
measure of the sets

{6, -, £ 0 E < p, Nm,v,p) =k}, k=01, -
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We shall stick further to the probabilistic language. As far as used here it is of
such a simple kind that it should not cause any difficulties. All the required
definitions can be found in [9].

Theorems 1, 2 are immediate extensions of the results of Friedman and
Niven [3] and of Erdés, Sziisz, and Turan [2]. Theorem 3 is proved by the
method of moments. We are forced, however, to prove the convergence of
the moments in a rather roundabout way (cf. also the remarks after Lemma
1). One should compare Theorem 3 with the well-known result of Dirichlet,
which states that if 4! is an integer, then there exists for every (&, « -+, £,)
at least one k <y~? satisfying (1.1). Our results show that the Lebesgue meas-
ure of the set of (¢, - - -, &,)’s, for which there exists such a kSN(2y)7?, is
approximately 1—e™. Related results were also obtained by Erdés and
Rényi [1] who studied

i eén’kt,‘

=1

max
15k<m

2. The minimum of (kx), k=1, -, m. Let x have a uniform distribu-
tion(?) on [0, 1] and put

(2.1) Z(m) = min (kx)

15k<m
(2.2) N(m,~) = number of integers % for which 1 < k2 < m and (kx) < v,

and
(2.3) (¢, v) = smallest integer £ = 1 for which (k£) < 7.

Clearly
Z(m) < a/m
is equivalent to
(2.9) N(m, a/m) 2 1
which in turn is equivalent to
(2.5) i(x, a/m) = m.

Hence, if the limits exist(?),

lim P{Z(m) < a/m} = lim P{N(m, a/m) = 1}

m-— m-— 0

lim P{t(x, a/m) = m}

m—

(2.6)

(2) We shall always use x or x; for random variables, whereas fixed numbers from [0, 1]
will be denoted by £ or &;.

Q) P{A } =probability of the event 4, P {A [ B} =conditional probability of the event 4,
given B, E(X)=expectation of the random variable X, E(X |B)=conditional expectation of
the random variable X given B, var(X)=E(X?)—(EX)?*=variance of the random variable X,
var(X | B )=E(X’| B)—(E(X l B))?=conditional variance of the random variable X given B.
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The last limit in (2.6) can be found by the methods of Friedman and Niven
[3] and of Erdéss, Sziisz and Turan [2]. In [3] the first two moments of
t(x, a/m) were computed. Let F; denote the Farey series of order &, that is
the series of rational numbers(*) a/b,0<a b=k, (a,b) =1, in ascending order
(cf. [5, Chapter III for more details]). It was proved in [3, p. 27] that for
every £

W 1/n) Sn—1.

Writing further, for some fixed #,

I(a) [a 1 @ n 1]
5/ Lo m 5w
it was also shown in [3, p. 27] that

2.7 1g 1/n) Sk

if and only if one has
(2.8) tc I(—Z—) for some % € Fy.

Moreover, there are at most two fractions a/bEF; (E<n—1) for which
£¢€I(a/b) [2; 3] Let

S {£0<£<1th st 2 ep, 22
= 9£:0 £ £ < 1; there exist — , — , — E—
g b b by by

a; /2]
such that § € I<—> and § E I(—)} .
bl b2

Thus S; is the subset of [0, 1] covered by two intervals I from F. If uf-}
denotes Lebesgue measure, then it follows from the above remarks that (cf.
[2, formula (12)])

Aot = B} it 3, s

2 Xk 0
=23 20 s
7 p=1 b

2.9)

where ®(-) is Euler’s function [5, p. 52].

It remains to find an expression for u{Si } If £ is contained in two inter-
vals I(al/bl), I(az/bz) with a;/b.{—:Fk, kén—l, then [3, p. 27] al/bl and
a:/bs must be consecutive elements of Fy. It is known [5, Theorem 28, p. 23]
that in this case

(*) [a] =largest integer which does not exceed a. Although we also use square brackets with
other meaning, confusion seems unlikely. (¢, b) =greatest common divisor of @ and b.
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(2.10) o _ ol |ebi—ab| 1
b1 bz blbz blbz
and hence
b1+ b, —
ay as _l+_27_3 lf bl + b2 g n,
(211) i3 I\ — f\I(— } = nb1b2
by be .
0 if b1+ b2 < m.
One has therefore
bi+bs—n
(2.12) M{Sk} = E';
) nb1bs

where Y/ ranges over all pairs a1/b1, az/bs which are consecutive elements of
F;. and satisfy b, <b: and b;+b:=n. (by=">, is impossible for successive frac-
tions by Theorem 28, p. 23 in [5] and since we want to take every pair into
account only once we may take by <b,.) It was proved in Lemma 1 of [3] that
for fixed b, <ba<k, (b1, b2) =1, bi+b:=n there are exactly two choices for
a1, as such that a,/by, as/bs belong to D¢ while for (b1, bz) >1 there are no
choices possible for a;, a; (again by Theorem 28, p. 23 of [5]). Consequently

b;+b2—-n 2 0k k b1+b2—'n
2.13) wS} =X ———=—2 2
% nb1b2 7 bym1 by=max(n—by,by+1) b1be
(b1,b2)=1

With these preliminaries it is easy to prove

THEOREM 1.
lim P{m - min (kx) = a} = lim P{N(m, i) = l}
m— e 1Sk=m m— o m

lim P{t(x, i) =< m} = Fla)
”m— o m

where
0 ifa <0,
12«
= if0<as1/2
7‘.2
2.14) F(a) =
219 Fle) =110y 12 pe 11—y oy ,
—_——— <2-——-— log dy if1/2<a =1,
™ wJap y y 1—y
1 ifl <a.

Proof. Firstly,
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1 X o0 6
(2.15) lim — Q =—

E— o k b=l b 2
Moreover, from (2.11) or (2.13) p,{(S,,)} =0 for k=n/2 because b1 <b:=k
implies b;+b;<n. For k>n/2 we have, following [3](¥),

[3, p. 29].

N b=l bgmmax(n—by,bi+1) b1be
(b1,b3)=1

(2.16)

k k

2 /=12 ko O\ by + by —
e G R I Ol Ls o » e

N\ b=k bymm—b,  Bim[(nt1)/2] bymbitl bibs a1 vyba
= T, + T,, say,
where u(-) is the Mébius function [5, p. 234].
As an example we shall compute the asymptotic behaviour of T3, the

computation for T, being very similar. Changing the order of summation
and putting be=sd and

{a} = smallest integer greater or equal to a(®)

one has

2 I[n=DJ/2] 1 “d  p4sd—n
Thv=— 2 —2ud 2 —-
N pemnk O dlp a={ (n—b)/d) sd
However,
kidl pt+sd—n b—mn k k—n+b
= lo + +0Q).
o=( (E)/d) sd d & n—>b d
Since [S5, p. 235 and p. 260]
d (b
ﬁgr___(_), > 1=0 ('),

a4 b alb

[(n—1)/2] &(p b b 2k [(n=1)/2) P(p
T,=2 Y, ()(1—-—>log(1-—-—)+— > L
n n

b=k  bZ n pmni b

E\ 1 l&=Di21 $(p
+2(1+log———>— > —-(b—)—2(1+1og
n

N b=n—k
+0(1 + 1)
n k)

Using the fact that [5, p. 268]

b ) (n=1)/2] P(b)

n b=n—k b2

(5) This meaning of {a} is used only in the next two formulae.
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n 3”2
D B() = — + O(n log n)
™

b=1

one obtains by partial summation as n—®, k—>w, k/n—a, 1/22a<1,

, 12 21—y
lim T, = —[f log(1 — y)dy — alog2(1 — a)
t/n—a 7’ 1—a y

2.17)
+ (1 + log a)(@ — 1/2 + log 2(1 — a))].

In an entirely similar manner one obtains

. 12 *y—1
lim T =— alogZa—(a—1/2)—f log ydy
k/n
Q.1 T ve Y .t
+ log a Ea dy].
1z )

(2.17) and (2.18) imply

, 12 pe 1 1—y y
(2.19) lim (T, + T2) = — 2——— log dy
/n—a 1l'2 1/2 y y 1-

as one easily checks by comparing the derivatives of the right-hand sides of
(2.17)—(2.19) as well as the values at a=1/2.
From (2.9), (2.13), (2.15), (2.16), (2.19) one has

(2.20) lim P{t (x, -’17) = k} = F(a),

k/n—a

where F(a) is defined in (2.14). To prove the general relation

(2.21) lim P{t (x %) < m} = F(a)

we notice, that if

1
(2.22) < —
n

then for every £

Consequently also
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o) 2 D) 5o} o) o)

which, together with (2.20), (2.22) completes the proof of (2.21).
Till now we considered integers k<m for which (k£)<a/m. In [2] one
considered integers k for which

(kE) < e

In particular, putting (>0, ¢>1)
S(m,a,c) = {£: 0 < £ < 1, there exist integers g, b for which
m<bSme(e,b) =1, |b0—a| < a/}.
Erdés, Sziisz and Turan [2] raised the question of finding
lim u{S(m, a, c)}

m— oo

if it exists at all. They found this limit for @ <¢/(1+¢?) and gave bounds for
p.{S(m, a, c)} in several other cases. One has of course

{E: 0=¢= l,mét(é,i)émc} c Sim, o, c)
mc

because
(2.23) it(&,i>£—rléié——a—
me mc — t(¢ a/mc)

if ¢(¢, a/mc) Emc, and at the same time (2.23) implies (¢(¢, a/mc), r) =1 (cf.

[3, p. 27]).
Consequently one has

(2.249) lim inf u{S(m, &, ©)} = F(a) — F(%)

m— o0

Entirely obvious is the inclusion
S(m, a, ¢) C {g: 0<t< 1,z<s,i> < mc},
m

and therefore
(2.25) lim sup u{S(m, a, ¢)} < F(ac).

m— o

(2.24) and (2.25) are improvements on the results of [2] for certain combina-
tions of « and ¢. (2.25) however is only useful if ac <1 (compare (2.14)).
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In this case, however, we can compute the limit of u{S(m, a, ¢) } exactly. The
result is given by the next theorem.

THEOREM 2. If a<c/(1+4c?), then

12
(2.26) lim u{S(m, o, 0} = — log c [2].
m— o ™
If c/(14+¢®) Sa<min(1/2, 1/c), then
12 12 a a
lim u{S(m,a, 0} =—210gc——2(ac+——-aﬂ——
m— o '3 ™ c B
2.27
o +a(G -0 -3 (e )
al— — og —— —\log—) ),
8 8 T 2\%
where

14+ (1 — 412
B = .
2a

If1/2=2a=<1/c, then

. 12« 12 a 1
lim u{S(m, a, )} = —logc — -—(ac —2a+ — — — (log c)2>.
w2 2 c 2

.28 "° 4

Added in proof. Since this paper was written the following two references
containing results related to this theorem have come to the author’s attention:
P. Erdés, Some results on diophantine approximation, Acta Arithmetica 5
(1959), 359-369 and Richard P. Gosselin, On diophantine approximation and
trigonometric polynomials, Pacific J. Math. 9 (1959), 1071-1081.

Proof. (2.26) is Theorem III of [2]. Instead of I(a/b) we now define

J(a) [a a a+a:| ¢ aGF
—)=-—-=—+—= or — mel-
b b b b B p

Then
a
(2.29) S(m, a,c) = U J <-—) .
a/beFibzm  \ D
(mel 2ad(b 12
(2.30) > u{J(—‘i)} = > a( )-—>—alogc (m— »),
a/beF(m];bzm b m 112 1r2

In addition, if a;/b, and as/b; are two consecutive elements of Fimq with
by, ba=m, then
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a2 ay

1 ( a a )
= — = max{—) —
by bul  bibs noY
by [5, Theorem 28, p. 23] and the fact that b;/b2<c, bs/b1Sc, ac<1. Conse-
quently a1/b1 € J(az/bs), as/bs €€ J(a1/b1) and therefore no £ can be in more than

two intervals J(a/b), b=m, a/bE Fimeg. If £ is in J(a1/b1))MNJ(a2/bs) then a,/b,
and a;/b; must be consecutive elements of Fin. In this case

a1 23 @ a 1
J|— ﬂ](—)} = max(O,— — = -—)
# { (bl) be 7w
Notice that for a=1/2, always
a [24

1
St ——20
bF b bibe

where as for a£1/2, by> by

a a 1
CRC R
only if
ﬁ;,g= 14 (1 = da?)t2
by 2a
Thus, by (2.29) and (2.30)

a a

12 " 1
ulSm 9} = S loge = T (EJF?;'E)“(”

where Y. ranges over all pairs a1/bi, as/b; of consecutive elements of Fimg
with

(2.31) m=b <b=<mc ifa=1/2
and with
(2.32) m = by, Bby < by < mc fa=<1/2

It follows again from Lemma 1 in [3], that for given b, b. satisfying (2.31)
if @=1/2 or (2.32) if ®<1/2, there are exactly two pairs (a1, @2) such that
a1/by, as/by belong to Y. if (b, bs) =1 and no such pairs if (b, bs) > 1. >/ can
now be computed exactly as in Theorem 1.

3. The distribution of N(m, v) in more dimensions. As we have seen in
the last section, the study of the distribution of minygsm (kx) was equivalent
to finding P{ N(m, v) =0} for appropriate 7. This raises the question of find-
ing the complete distribution of N(m, 7). Even though the methods of §2
probably allow us to find the asymptotic distribution of N(m, a/m), it seems
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very hard to find the asymptotic distribution of N(m,y) — EN(m,v) = N(m,v)
— 2my after proper normalization, for fixed 4. The difficulty seems to be the
“strong” dependence between the random variables (kx), k=1, 2, - - - . This
shows a.o. in the fact that the distribution of m~1/2(N(m, v) — 2m~y) does not
approach a normal distribution, as it would if the random variables (kx)
were strictly independent. In fact m~'/2 is not at all the correct normaliza-
tion factor [7]. It was suggested by M. Kac in a discussion with the author
that independence would approximately hold again for analogous random
variables in high dimensions. This will be shown to be correct in a certain
sense in the next theorem. The limiting distribution obtained in Theorem 3
is precisely the limiting distribution which would pertain if the Y’'s were
strictly independent.

Let x;, x2, - - - be independent random variables, each with a uniform

distribution on [0, 1]. Define
1 if (kxy) S v, (kae) Sy, - - -, (kxj) S 7,
vig = { Dk = e ’

0 otherwise,

and
Nm, 7,5) = i vie).

N(m, v, j) is the number of indices k¥ =m for which simultaneously kx,, - - - ,
kx; are closer than v to an integer.

THEOREM 3. If 0<1y <1/2 is fixed and p— o, m— o such that

3.1 m(2y)? —> A > 0,
then
Ak
limP{N(m,'y,p)=k}=e‘*;; E=0,1,---,
that is, N(m, v, p) has asymptotically a Poisson distribution with mean \.
Proof. Put for %y, « - -, k, pairwise different

1 1

3.2) Ay(byy - -y k) = P{Yi() = -+ = Vi () = 1}.

v will be fixed throughout (0 <y <1/2) and the index or subscript ¥ will only
be written explicitly when necessary to avoid confusion. Since the x;, x5, - - -
are independent one has clearly

P{Y,’;‘=...=Yi,=i}=(P{Y;l=...=Y;'=l}):'

3.3) Ai(ky, + -, k).
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Moreover,
E(N(ms 'Y:j)(N(m) 'Y’j‘ - 1)(N(m7 77j) - 2) e (N(m) 'ij) —‘ r + 1))
=EXY Vi --Yi=Y 4&0).

k(r) k(r)

(3.4)

We adopted here the convention to write k(r) for a generic r-tuple
(1, -+ -, k) of different integers ki, 1<k;<m, and to include in Y 4, all
such r-tuples in the 7! orders in which they can appear. This convention will
be used through the remainder of this section.

One easily checks that if N has a Poisson distribution with mean \, then
its rth factorial moment,

ENN-1D)N—-1) - (N—=r+1) =, r=1,2....

Conversely, if {N ()} is a sequence of random variables for which

lim E(N(p)(N(p) — DN(@) —2) - - - (N(p) —r+ 1)) =A, r=1,2,.-.
p—bﬁ
then the limiting distribution (p— =) of N(p) is a Poisson distribution with
mean \ (by [9, p. 185 C; 6, p. 115 4.30, p. 109 4.21]).

Theorem 3 will therefore be proved, if we can show

lim E A7(k(r)) = X, r=12...,
k(r)
or equivalently, by (3.1)
> (A'r(k(’)))"
v 2y)"
3.5) lim ——0 1 V) 1, r=1,2-.

mm—1) - m—rt1)
We shall prove (3.5) by induction on 7.

Let us put
A4(k(n) \
(3.6) v (y) = "%:)( (2v)" ) .
. r Y m(m_l)..(m_r.l_l)
Then
>Aa2m > Enm =1y
yip)(’y) _ k=1 _ k=1 .,
m(2y)? m-(2y)?
since

P{Vi(y) =1} = P{(kx1) £ 7} = 27.
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Thus (3.5) holds for »=1. The remaining details will be split up in a number
of lemmas. C;, 1=1, 2, - - -, will always stand for some finite, positive con-
stant which depends on v, r, A only.

LeEMMA 1. There exists a Cy such that for any sequence of s positive integers
kl<k2< M <k.

E( z‘: Y:,('y) - 237) = % (C1 + (log 9)».

J=1
Ci does not depend on s.
Proof (®).
E( > Yi,. - 2::')'))2 = var( >, Y:,.)
(3 7) Jm=1 J=1
‘ =sn(1—-2)+2 X (4 k) — ).
1s1<5ss
It was proved in [8, p. 217 line 4] that
(k") ki)2 _ 1

3.8 Ay (ks k) — 42| < -
3.9 | Aslbo k) = tt] 5 0 = o

where (k;, k;) = greatest common divisor of ; and k; and

ks K

T (kb)) T k)

Notice that for any pair of integers @ <b there are at most s possible pairs
k;<k; such that k! =a, B} =b and hence, for any positive integer ¢ there are

at most sd(c)/2 pairs k;<k; with k! -k =¢ (d(c) = number of divisors of c).
Therefore,

(3.9) Elmmm—wﬂgg

15i<sss

!
¢

k!

& de)

c=l c

where ¢, is the smallest integer for which
ss—1)
2

%gwa

In fact there are s(s—1)/2 pairs k; <k; and we have replaced each 1/k! k] by
some 1/c with 1/k! k] <1/c. Since

i d(c) = nlog n + O(n)

[5, Theorem 320, p. 264],
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d 2s/log & d
23020 LD 2 (og sy
2 e=1 2 cm1 4

for sufficiently large s This together with (3.7) and (3.8) implies the lemma.
The estimate of [8] for |A(k., k;) —4v%| would suffice to prove directly
¥P(v)—1, and one mlght want to follow LeVeque’s method [8] of estimating
A, (k1 k;) also for A,(ky, - - -, k) in order to prove (3.5) directly for all r.
This would require an éstimate of

Av(kl,---,k,)=fdzII(2v+ >

t=1 T ony=1 e

sin 2wngy cos 27rn,kdf>

We have been unable to follow this direct procedure and are forced to prove
(3.5) by a detour.

LeMMmA 2. If X is any random variable satisfying

(3.10) EX—a?=<c?

and

(3.11) 0= X=<b  with probability one,

then, there exists constants Cs, independent of the distribution of X such that

(3.12) | EX — a| =,

(3.13) f ydP{X £ y} < Cao(r)b™2?, r=3,4---,
2a

and

(3.14) | EX* — (EX)r| < Ca(r)br—2e?, r=23,4,--

Proof. Put EX =u. Then
(.15 OB EX =0 = BX —utu—a) = BX =)'+ (= o)
) 2 (EX — o).

This proves (3.12). As for (3.13) and (3.14) we use the one sided analogue of
Tchebyshev’s inequality. For A =0,

P{X — a2z} §mfm(x(y— a) + ¢)dP{X < y)

(3.16) (V T Z)J Xy — @)? + ¢)dP{X < »}

2c?
< (N2 4) — .
—()\2+cz)z()‘c+c) AL 4 ¢t
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Putting . .
if A =g
2
GQ\) = 1—)\2+62 ifec SA<b—ou,
1 ifb—az= ),

one has by (3.11) and (3.16)
1—-P{X=<a+2} =1-GO).

Consequently, for r=3

0 b+
f y"dP{X < y} =f ydP{X < y}
2a 2a

=— (- P{X =y})y

b b
e [y - Pix S sy
2a 2a

b

(1 — P{X = 24})(20)" + rf y—1(1 — P{X =< y})dy

2a

b—a
< (20)r(1 - G(a)) + rf (z+ o)1 — G(2))dz

< r 262 r—1 - r—1 262
=< (20) a2+2 rj; 2z ~22+62dz.

This implies (3.13) when 2a¢ £b. When 2a>b (3.13) becomes trivial by (3.11).
(3.14) is proved similar to (3.13). By (3.11), 0=u<b and by (3.15)
E(X —pu)2=ct Thus, with a replaced by u one has from (3.16)

(3.17) 1—P{X=<p+2r} £1-GO
and similarly with @ replaced by b—u
(3.18) P{X =u—2\} £1-=GR).

Now, since E(X —pu) equals zero,

EXr = E(”+X_“ '=p'+(;)p’_2E(X—y)’
(3.19)

+ Z( )u""E(X - )i

r
=3 \J

By (3.17), for j=3

b—u
G [ o-wirlxsy)s [ aice s cpe
yzH
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and by (3.18)
(3.21) [ 1y =wlar(x s 5} s cpee
ysp

(3.14) follows from (3.19)—(3.21).

An important consequence of Lemma 1 and Lemma 2 is the following:

LeEMMA 3. If p— o, m—> o such that m(2y)?—\, then for some Ci, depend-
ing on vy, r, N only, and j<p
(3.22) exp(—Cu)” (1 + (p —))) = () < exp(Cu2)” (1 + (p = ).

Proof. As we remarked already, Lemma 3 is obvious for r=1, and we may
assume 7 =2,

V(J')( ) _ E(N(my ‘Y)j) e (N(m1 7yj) —-r+ 1))
o mm—1)---(m—r+ 1)(2y)"
< EN’(m’ 'Y)j) .
Tm(m — 1) - - - (m—r+ 1)(2y)77
Denote by F(ky, - - -, k; u) the event

Yy, =Vp=---=Vi =1 whereas Vy=0 ifksky, i=12 - -,5.
Then, dropping the indices m and v for this proof,
EN(j)= 3 P{F(k, -+, k;j— DIEWN ()| Flly, - - -, ks j— 1)).

1gk1<kg: « +<kysm

However,

(3.23) EOVG) | F(hy - - -, kij — 1) = E( > Y:,)'

t=1
because if Y{7'=1, then ¥} =1 if and only if (kw;)<v and, if ¥} '=0 then
Y}, always equals zero. Hence,
EWNG)| Fks, - - -, ki — 1) < 2vs,
3.2 s
3.24 var(N(j) | F(ky, « -+, kyj — 1)) 7 (Ci1+ (logs)?) (Lemma 1)

and since 0SN(j) Ssif F(ky, - - -, ks; j—1) occurs,
sr—l

2

EWN'(G) | F(ls, - -+, k)55 — 1)) S (29)7s" + Calr) (C1+ (log 5)?) (by(3.14)).

If we take into account that
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NG—1)=s ifF(ky---,k;j—1)
occurs one has
ENG)E X P{F(ky, -,k — 1)

15k1< e« o <kgsm
C,

1@ NG-1)+ NG -1 log N(j —1))?

(3.25) [( NG = 1)+ 2 (j— 1(C1+ (log N(j — 1)) )]
C:Cy

= (2)EN(G -1+ 5

EN~(j—1)

C.
+ EN™H(j = 1)(log N(j = 1))

Applying Jensen’s inequality [9, p. 156, c,] twice gives
EN'(G—1) EN(G—1)
ENG—1)  m-(2v)7!

The last term of (3.25) is estimated first by using Hélder’s inequality [9,
p. 156]

EN™'(j — 1)(log N(j — 1))*

(3.26) EN~(j—1) S (EN7(j — 1))(—VIr <

L]

S (r—1)ENT(G-1)+ y™(log y)?dP{N(j — 1) < y}
exp (2r—1)
© (r—1)/r
s@-wEv-G-0+ ([ yarivg -1 s9))
exp (2r—1)

0 1/r

( f (log »)*dP{N(j — 1) < y}) :
exp (2r—1)

Since d*(log y)*/dy* = Ofor y = exp(2r — 1), Jensen’s inequality [4, Theorem

95, p. 77; 9, p. 159, e] implies

) T (log y)MP{NG — 1) < 3)

exp (2r—1)

0 2r

ydP{N(j - 1) <y}
exp (2r—1)

(3.27) = P{N(j — 1) 2 exp(2r — 1)} |log

dP{N(j — 1) < y}

exp (2r—1)
= O(log EN(j — 1))?r
= O(log m(2y)9)?.
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Applying again (3.26) to EN™—1(j—1) and combining (3.25)-(3.27) one ob-
tains for some Cs(y, 7)

= 1 4+ (log m(2y)?
EN™(j) < (2v)'EN"(j — 1) (1 +Cs (0.8(27;57) )’)
1 + (log m(2vy)?
S (29)EN"(j — 1) exp (Cs (mofh)(f 7))’>.

This also holds for j=1 if we put N(0) =m with probability one. Thus by
induction on j

LI | 1 2v)7

which immediately gives the right-hand inequality of (3.22) if we take into
account m(2y)?—N\.
In the same way one shows(®)

LI | 1 2+/)n)2

which implies the left-hand inequality of (3.22) because

ENN—=1)---(N=r+1) =EN'+0(E§N’=>.

k=0

LEMMA 4. There exists a constant Cy(r, v) < « such that

(3.28) A5 k() £ Colr, 7).
Proof.
2 &, sin 2&ny cos 2wné 1 if (¢) <,
2 — =
T+ T E n {0 if ) >y

(cf. [8]). Hence

®_ sin 2wngy cos 21rn,k,£)

Ayl o B) =foldsf1(2v+32

t=1 T ng=1 Ne
Since

(%) We shall use the left-hand inequality of (3.22) only for §<(2p+6)/3. For this range
the argument in the next few lines suffices but not for all j <p. However, the left-hand inequality
of (3.22) is true for all j < p. The same remark applies to the left-hand inequality of (3.45).
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*_ sin 2wny cos 2rnké

>

ne=M41 n

is bounded uniformly in M, &, £ (being the tail of the Fourier series of a func-
tion of bounded variation [10, p. 408]) and since

1 1
J )
0 0

tends to zero as M— o (uniformly in k), it is possible to choose M= M(y, ¢)

such that
A(kh tt kr)

>, sin 2rny cos 2wné

>

n=M+1

*. sin 2wny cos 2wnké

n=M+1

M sin 2wney cos 21m,k,£) (2v)r

_Z.fldéﬁ<2*r+iz 5

0 =1 T =1 e
(27) | < {2V 1 i sin 2wmey cos 2xmy ke f
+2 (27)"'(—) > | eIl : LS

2 1 w/ 1st;sr Yo =1 Ny,

(3.29)

The last integrals can only be different from zero if some relation
S emki =0, €&=0 +1,—1

teml

holds, with at least two €'s different from zero. We can now prove the lemma
by induction on r. 4,(k) =2y i.e. Cs(1, v) = (2y)! satisfies (3.28) for r=1.
Let (3.28) be proved already for r—1 and assume there exists a sequence

P, - E™ n=1,2, - of r-tuples k™ (r) such that
(3.30) lim A(k™(r)) = 0.
7n— 0

By virtue of (3.29) and (3.30) we may assume, if necessary by selecting a
subsequence and rearranging the indices, that for some fixed €, - - -, €
and 7y, - - -, n, = M(y,r) and all

u (n)
Z €¢n¢k¢ = 0, €r—16, #= 0.
tm=1
In this case, however, one has for any £ satisfying
(n) Y .
(h‘f)é;ﬂi j=1---,r—1
also

(n) Y .
(nkj £) S — <+, i=1---,r—1

r
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and
" =1 n r— 1M
b8y = (X emiky ’s> LM
teml rM
Consequently,
Ayl ke, e k) 2 Ak - B
3.31 -1
( ) g Cs (f - 1,L> .
rM

But AGE®, - - -, E™) =A(nkP, - - -, n,k™) because n,x has a uniform dis-

tribution modulo one if x has. (3.31) contradicts (3.30) which proves the
lemma.

LEMMA 5. There exists a positive constant Ci(r, ) for every r =2, such that
for every k(r)=(k1, « « - , ky)

A, (k(r))

<1- C7(r,‘y) <1
A‘Y(kl’ ) ki—h kJ'+1’ ] kr)

for some 1Sj=r.

Proof. For shortness put k(r, j)=(k1, * + -, kj—1, Rjt1, - -+, k,). By the

definition of 4
A(k(r)
A(k(r,5))
=1— A7k, ))P{Ye; =0, Ve, =1, 1 Si<71,i5j).

(3.32) =P{Vy,=1|Vi=1,15i<rixj}

It therefore suffices to prove

B(k(r, 7)) = P{ Vi, =0, Vi, = 1,1 S i < 1, > j}

(3.33) \ .
= Cs(r,5) > 0 forsomel1 <j<7r

where Cs(r, j) does not depend on k(7).
Assume (3.33) does not hold and that k™ (r), n=1, 2, - - -, is a sequence
of r-tuples for which

(3.34) lim B(™(r, §)) = 0, j=1,---,r

fn— o

Without loss of generality we may rearrange the indices and select a sub-
sequence such that

(3.35) Y <M< <k for all n

and
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(n)

k
k:n) g 1 exists fOri = 1’ LIRS 4
%

(3.36) lim
(infinity is allowed as a limit in (3.36)). Let

(n)
kr

(3.37) limk(”)=1 fori=s+4+1,---,r
while
(n)

lim — > 1 fori=1,-.-,s.

n— o S") .
By deleting some #’s we can assume

k(n)

i

(3.38) s =145,

i=1--+,s5, j=s4+1, ... rforallnandsome0 <§ =1.

Let g(£) be the fractional part of £ minus the integer closest to £. More

precisely
£ if0sE=<1/2

8®) = {5—1 i£1/2 <=1,
gE+ 1) = g®.
One has
P{| g(kx) — gks2) | <} < P{|g((ki = k)2)| S} =29

so that for

3.39) 7 = min [(4< ;) G (" 4(17'7- «s)»“l’ % —% (Tjr_s)]

P{| k)| < 4(1"+ 5 | g(kix) — g(ksn)| Z 0,1 S 4,5 <1, j}
(3.40) 2 Apurar(k(r) — lsg,;‘rP{ | g(kix) — g(kin)| < n}

2 (" 4(17-7- s)) B (;)'2"

zlc"( L )>o
=2 st +9) :
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There exists therefore a £, depending on # and satisfying

(n) Yo (n) (n)

3.41 ki é ) ki - k; g )
(3.41) | g(k:"8) | 0T | g(k"8) — gk ®)| 27
1=1, j<r, 1#j. Let j; be determined by

ki) = max gk (thus j; 2 s + 1)

st+1sjsr
and put
(n)
1 2) — g(k; 1 2+ 46/4(1

(3.42) §=7( + /2) g(:1£)§7(+n/+/(+5)).

K 67
Then

n n) - 1
(3.43) g0 + B ’e=7(1+%)§7

On the other hand, by (3.38), (3.41) and (3.42), for any ¢ <s
o) ™ 78 v(1 +1/2 + 8/4(1 + 9)) 7(1 B n)

I\

k; ki £ =
gk &) + ki E 4(H_‘»+ 113

and for any 1=s+1, 1545,

(n) (n)- (n) - (n) (n), <

ek + RVES gk ®) — n+ ki B4 (k" — ki, )E
(3.44) () )
< <1+1> I Ll (1+l+—5—)
=7 2) 7 P 2 st +0))
Since, for 7, i=s+1
38
k(n) 1

the last member of (3.44) will eventually also be less than y(1—%/2). Thus
for sufficiently large »

(n) (n)- (n)

gki, &) + ki) E= gk, ¢+ 8) = 7(1 + %)

and by (3.41)-(3.44)

¥é ) - ( ﬂ) e e
— =< g(k; =< 1—— f .
1(1+3) Sgks ¢E+85)=~v 2 if ¢ 5 5,

If now
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<k§”)1)<7%’ i=1,-4,r,

then
n - n 7 . .
(kf)(£+£+t)>§7(l—~2—+7)=% i % iy,

whereas for j;
(n) (n)

REFEFD) 2 | g G+ D) — RiL D> 7.

Thus, for sufficiently large =,

BE () 2 wfeio = t+E+4,0S 15,0 <y Lo im 1, }

= P{(ksn)x> < 'Y—;"" i=1.--, r} = A-n/z(k(”)(r)) > C;—l(r, ‘7_217)

This contradicts (3.34) and therefore proves the lemma.

LEMMA 6. If p— o, m— o such that m(2vy)?—N\ then for some Cy, depending
onvy,r, \only, and j<p
exp(—Co(27) 7012 (1 + p — 7))
1 (A‘/(kl) Tty kr—h k))’

m—r+ 1 g, ko \ Ayl e, k)2
1sksm

< exp (Co(27) *D1%(1 + p — 7).

(3.45) =

Proof. Put
A'Y(kl) ] kr—ly k) i
A‘Y(kl’ Tty kr-l)z'y '

1
(3.46) v(y, k(r — 1)) = —— > (
m—r+1 4,k
1sksm

In this proof we assume k(r — 1) and v fixed and shall abbreviate »@ (y, k(r — 1))
by »®, For the same fixed k(r —1) and y we put

Ni= X niw.
ksky, - kg
1sksm

Then (cf. (3.32)),

_EW@| Vh=- =V, =1
(m —r+1)-(2y)!

The proof will very much resemble the proof of Lemma 3.

p@
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ENG)| Vi= -+ = Vi, = 1)
GA) = X PF(hy - henytyy e ti— )| Vi =
1sH<- - <tgsm
tusky — Y;f:, = 1)
EN'G)| Yiy= - = Yo = L,F(ky, -, koo by, - - -, 3 = 1)),
However,

EN'G)| Flkyy -« -y bomgy b1y - -+ L35 = 1)) = 245
and thus by Lemma 1 (compare (3.23), (3.24)),

S
E((N'(j) — 2v8)?| F(ky, - -+ bomgy by -+ + s 035 — 1)) S ?(Cx + (log 5)?).

Hence, by Lemma 4

E((V'(G) — 2vs)t| Ve = -+« = Ve, = 1,

F(ly «««y kpmy by, » + + 435 — 1))
< $(C1 + (log 5)?)
ToP{YP = ... =1 = U] F(ky -« +y Brety by s v oy b03f — 1)
_ s(C1+ (log 5)%)
24k, -+ ko)
By (3.12) and (3.48) one has

(3.48)

< Co(r — 1, ’Y) (C; + (log 5)?).

E(N,(])t == L, T 1,
(3.49) F(kl’ STty kr—ly tl) AR 1tl;j - 1))_ 278)
=< Crolr, v)s2(1 + log s)

for appropriate Cio.
Since, under the condition F(ky, « -+, kp_y, b1, -« -, by j—1)

NG=1) =5
(3.47) and (3.49) give immediately

| E(V(G) | Vi, =
= Yi,-,—1>—2vE(N'(j—1>l Vi == V=1
(3.50) < CLE(N'™(G— 1)1 +1log N'G—D)| Vi, =---= Vi =1)
< SCE(N'4(5 — l)lylil_l == k:—ll =1).

Thus
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5C1o(p—1)3/4

o =
(m — 7 + 1)14(2y)il+1’ ’ 1.

(3.51) p@ < pU-D 4
First we get from (3.51) by induction,

-1
v@ < exp (SCm E (m —r+ l)"l“(Z'y)—“/‘—I)
u=0
which is bounded for j=<p. Then we complete the proof from (3.50) as in
Lemma 3 by applying Hélder’s and Jensen's inequalities and induction on j(%).
An immediate corollary of (3.45) is

_ 5 (Av(kl,---,k,_l, k))ﬂﬂw

1S A\ Ay -, )2
(352) m—r+ k#k;sksmk 1 ‘7( 1 ) 1) Y

< (2v)~*exp Cy = Cy, say.
We are now in the position to prove (3.5). Put
A(k(f)) )lp/3]+l
(2v) '

If we consider U, as a random variable taking each of the values U,(k(r))
with probability 1/m(m—1) - - - (m—r-1) then (3.6) and Lemma 3 state

i) =

1 A(k(r)) \ /3141
(1)
mm—1)---(m—r+1in \ 27"
= exp(—Cy(2y)@—313p%)  for sufficiently large p.
Similarly

EU: < exp Ca(2v) "%

and consequently

var(U,) = EU; — (EU)" S Culy, 1, Np 20"
for appropriate Cyz. In other words

U,— 1 in probability (p — «)

1 AGMINY _ pitteraten
mm—l)~-(m—r+1)1§)( (2y)" ) = EU;

will indeed tend to one if we can show
1

(3.53)  lim R S T M;'m' U, (k(r) =0

and
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[9, p. 184 B].

Unfortunately, Lemma 3 alone does not seem to be strong enough to prove
(3.53), and we have to proceed by induction. (3.53) certainly holds for r=1
and let us assume it has already been proved with 7 replaced by r—1. We
shall then prove that it also holds for r. For this purpose, we define

( A'y(kl, N kr) )[P/S]-Hi A‘y(kl, e k,) cc (‘y f)
= 13\Y, N

A‘Y(kl’ B kr—l)Z‘Y A‘/(kly Tty kr—l)
1 E (A‘V(kl, sy ke, k)) [p/3]1+1

(3.54) V.(k(r)) =

m—r+ 1, ok \Ay(Ry, - oo, kem1)2y otherwise
where
(3.55) Cus(y, r) = max(1 — Cq(v, r), (27)) < 1 (cf. Lemma 5).
Any set of r different integers ky, - - - , k. <m will appear in 7! orders as a k(r).
For some j
A, (k(r

A ).) < Cus(y, 1) by Lemma 5.

A(k(r, 1))
This j will appear in (r—1)! permutationsof 1, - - -, 7 at the end. Thus taking

into account

<A(k(r)) )“”’“*3 _ (A(k(r - 1)) )MMM3 ( A(k(r)) 7)mm+3,

29" (2y)! A(k(r — 1))2
(3.56) 3 3 3
2 UM Sr 2 Uak(r = 1) 22 Vi(k(O).
k(r) k(r—1) kr#’kl, 'a' 'tkr—l
U,23" Ur—1Vrz 3"
Since U3V?3=3r implies U231 or V=3 one obtains from (3.56)
1

M(m-—- 1) . '('m—f—|— 1) l%‘:) U,-(k(f))

U,23"
r 3
< 2 Ueak(r—1) ————
-1 .- - 2 ; m—r+4+1
@5y MLt d o

> Vi)

kr#kl- . ':kr—l
14

> U — 1) ——
T T WP e o A !

> Vi)

kerk, o0 ket
Vez3
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By the induction hypothesis and (3.52) the first sum in the right-hand side
of (3.57) tends to zero. As for the second term, we have

! Y UL - 1) ——
r—1(k(r — 1)) ——
mm—1) - m—r+2) sy m—r+1
(3.58)
<A(kl’ ] kr—l’ k)
kstky, oo kpmy

Ak(r — 1))2y
by (3.6) and Lemma 3. On the other hand by (3.6), Lemma 3 and Lemma 6

1 2
m(m - 1) e (m —r+4+ 2) k(rz—l) Ur—l(k(f —_ 1))

(3.59)
( 1 Z (A(kl, ce e, kr—l, k))[p/3l+l)2
m —r - lk,gkl ..... ky—1 A(k(f - 1))2‘)’

> exp(—Ca(2y) ®913p?) exp(—2Cs(2y) @913p).

2[p/3)+2
) < exp(Cy(2y) »913p2

Putting

(A(kl, e b, k))lp/sl+1
m—=r+1 ek A(k(r — 1))2y

1sksm

D(k(r — 1)) =

and subtracting (3.59) from (3.58) one sees

1 P
3 Upa(k(r — 1))

mm —1) -+ (m —r+2) r—n

1 A(ky, « - -, kpoy, B)\ P31 12 2
(3.60) m—r+1 k#klv;-kr—l (( A(k(r — 1))2y ) — D(k(r — 1)))

é Cl4(7, 7, )‘) (27)”/8?2
for appropriate Cy. Thus

1 > ((A(k,, N k))tp/sm ~ b — 1))),

(3.61) m — f+ 1 kstkyy e kpmy A(k(f - 1))27

/3 2 —p/6

S Cu(2y) 9 Cus
except for a set S of (r—1)-tuples k(r—1) for which

1 2 »/6
(3.62) mm—1)---(m—r+2) k(r—zl)es Uralblr = 1)) = Cu.

However, by (3.52)
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1 3 1 3
E Ur—l(k(r - 1)) - . . E Vr(k('))

mm—1) - - - (m—r+2)ro-1es m—r+ 1, ke

2Cn R
- Upa(k(r — 1
mm—1) -« (m—r+2) k(r_Zl';es 1(k(r — 1))

2Cn

3
= Ur- (k(' - 1))
mm—1) ---(m—r+2) kg-:n '
Up—1z 31
2Cy;- 31

> Uik — 1)).

mim—1) - -« (m—r+ 2) ko-nes

Both these terms tend to zero, the first by the induction hypothesis and the
second by (3.62) and (3.55). In view of (3.57) it remains to prove

1 3
Upa(k(r — 1
(m—l)--~(m—r+2),,(,_21)¢5 (B )

m
(3.63) .
> Vik@) —o.

m — f+ 1 keskyy oo ikpt
Vez3

Let k(r —1) &S be fixed and look at V, as a random variable which takes each
of the values V,(k(r)) with probability 1/(m —r+1). Then

E(V, — D.(k(r — 1)))?

< m__—lfﬁ LI ((A(jl(’k'(,' - lk)); k)>[pm+l — D(k(r — 1)))2

/3 2 _—p/6

S Cu(2y) pCus by (3.61).
On the other hand
Cio\ [p/3141
0 <V, < max ((—é—f) ,  D(k(r — 1)))
24

while D(k(r—1)) £3/2 for sufficiently large p by Lemma 6. Thus, by Lemma
2, (3.13)

1 3
—_ V. (k(r))
m—r+1 k;ek;.z;ukr

V.23

(3.64)

3 Cio\ [p/3141 _
= G:3) (? t (3?) )‘Cu<27)”’“p’cu"ﬁ» 0 (po ).
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Since, by Lemma 3

1 3
mm—1) - (m—r+ 2) k(g—:l) U,_r(k(r — 1))

is uniformly bounded, (3.63) follows from (3.64) and this implies (3.53). By
induction (3.53) and (3.5) follow now for all » and this proves the theorem.

COROLLARY., If p—®, m— o such that

m(2y)? — o sufficiently slow,
then

N(mv s P) - m(27)p 1 @ —t2/2
F { mEyr “} = G f o

Proof. This follows from Theorem 3, since for random variables X(\),
having a Poisson distribution with mean \, one has [6, p. 116, Ex. 4.9]

. X(\) — A 1 e
lim P{——— L ap = f e=t'i2dg,
Aes @ Al/2 @m)ved _,

Our estimates are not sharp enough, however, to tell how fast m(2y)? may
tend to infinity.

One might want to prove Theorem 3 for any interval of length 2y. More
precisely, put

1 if there exist integers 7, - - -, n; such that
Yi(5, 2y +9) = bt mSku <o+ 2 bmyi=1,-,j
0 otherwise.
As long as
1 1
(3.65) —7<6<0<6+27<?

one can still follow the proof of Theorem 3. In fact, the only places in the
above proof where a difference between Y(y) and Y(8, 2y+68) might come in
are the Lemmas 1, 4 and 5. However, the estimate (3.8) remains valid (cf.
[8]) so that the proof of Lemma 1 needs no change and one easily sees also
that Lemmas 4 and 5 remain valid. This is not so when (3.65) is violated.
The analogue of Lemma 4 is then false for certain choices of v and §. We for-
mulate this with another generalization in

THEOREM 4. If v, 8 satisfy (3.65) and if p— o, m— o such that m(2y)?—\
and if for every m, ki(m), - - -, kn(m) are m different positive integers, then

m Ak
limP{Z Y,i’,.(,,.)(a,27+a)=k}=e-*a £E=0,1,2---.
=1
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The transition to arbitrary sequences {k;(m), =1 .-, m} of integers
requires no change of proof since our estimates are uniform in {k;(m)}.
Finally we mention the possibility of taking intervals of length 2y at a ran-
dom location. I.e. let 8y, 82, - - - also be random variables, independent of each
other and of x;, x3, - - -, and each with a uniform distribution on [0, 1]. Put

1 if there exist integers n;, - - -, #; such that
17;(7)= 6i+”i§kxi§6t’+27+ni,1:=1)"°’j’
0 otherwise.

Then Theorem 4 holds with Y(§, 2y+6) replaced by 7(7) Again the proof
is almost identical with that of Theorem 3.
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